This paper presents three dimensional study of a ferrofluid seal, its centering effect and its static capacity. Thus, a method based on a potential energy criterion has been put forward to study the seal shape. But such a use of ferrofluid seals is interesting only if the magnetic field created by the permanent magnets saturates totally the ferrofluid. Two cylindrical structures consisting of two and three outer ring permanent magnets with an inner non-magnetic cylinder are considered. The calculation of the magnetic pressure of the ferrofluid seal is analytically established.
Introduction
A magnetic ferrofluid consists of a stable colloidal suspension of subdomain magnetic particles, 10nm in size, in a liquid carrier [1] [2] . Each magnetic particle is commonly assimilated to a sphere which is a magnetic dipole. The dipole can be oriented according to the presence of an external magnetic field.
Studies on ferrofluids deal either with their chemical and physical properties [3] [4] or their mechanical behavior [5] [6] . Ferrofluids have various engineering applications [7] and the authors are interested in the design of ironless loudspeakers [8] - [12] . Electromagnetic pumps are designed and studied for the processing industry of liquid metal or for medical applications [13] .
Moreover, ferrofluids are also often used as rotating shaft seals and the pioneering work regarding the ferrofluid lubrication was done by Tarapov [14] .
Indeed, he considered a plain journal bearing lubricated by ferrofluid and submitted to a non-uniform magnetic field. We can note also that many studies have been carried out on the dynamic behaviors of ferrofuids [15] - [23] . In addition, recent trends in the ferrofluid lubrication applications are described and discussed, taking into account various phenomena including cavitation [24] - [27] . This paper discusses both the centering effect of ferrofluid seals and their static capacity when submitted to large magnetic fields (higher than 400kAm −1 ). As ferrofluids are used for sealing applications, we present a method describing a way of optimizing the structure dimensions in order to improve its centering effect, its static capacity as well as its watertightness. Our structure is ironless and the constitutive parts are either made out of permanent magnets (the stator) or non magnetic materials (the moving part). Consequently, no reluctance effect is observed. The intensity of the magnetic field created by the ring permanent magnets largely saturates the ferrofluid.
Although numerical approaches are commonly used to study ferrofluid seals, the authors feel that three-dimensional analytical approaches allow flexible ways of optimizing ferrofluid seals.
It is emphasized here that such a way of describing ferrofluid seals is possible because the structures considered in this paper are ironless. As such ironless structures are commonly used in industrial or research applications, the method presented in this paper seems to be useful.
Structure descriptions

Notation
The structure considered consists of several outer ring permanent magnets and an inner non-magnetic cylinder. The magnets are stacked and their polarizations are radial, but in opposed directions. Figure 1 presents two examples of ironless structures using permanent magnets and ferrofluid seals. cylinder with one ferrofluid seal; the ring inner radius is r in , the ring outer radius is r out , the height of a ring permanent magnet is h.
paper, we use the following notations for the description of the ironless structures: the ring inner radius is r in , the ring outer radius is r out and the ring permanent magnet height is h. The z axis is a symmetry axis.
The magnetic field produced by the ring permanent magnets has been determined by using the coulombian model. Consequently, each permanent magnet is represented by two curved charged surfaces. When the vector polarization is directed towards the inner non-magnetic piston, the ring inner face is charged with the magnetic pole surface density +σ * and the ring outer one is charged with the magnetic pole surface density −σ * . When the vector polarization is in the opposite direction, the ring inner face is charged with the magnetic pole surface density −σ * and the ring outer one is charged with the magnetic pole surface density +σ * .
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The accurate knowledge of the magnetic field in the air gap is in fact the crucial point for optimizing ironless permanent magnet topologies with ferrofluid seals submitted to magnetic fields higher than 400kAm −1 . Indeed, the potential energy in the ferrofluid seal is essentially linked to the magnetic energy resulting from the interaction between the magnetic field produced by the ring permanent magnets and the ferromagnetic particles.
It is emphasized here that the expressions of the magnetic field created by ring permanent magnets whose polarization is radial have been determined in a previous paper [28] . We illustrate in the next section where the ferrofluid goes when submitted to the magnetic field produced by two or three ring permanent magnets.
Magnetic field created by the ring permanent magnets
By using the coulombian model of a magnet, the analytical expressions of the magnetic field [28] are suitable for representing the iso-field lines. The ring inner radius, r in , equals 0.025 m and the permanent magnet height, h, equals 0.003 m. The magnetic pole surface density +σ * equals 1 T. Figure 2 shows that the magnetic field H is the strongest near the permanent magnets, especially where the magnetic field gradient is the most important.
Such figures are suitable for the design of ironless loudspeaker in which the number of ferrofluid seals has certainly an influence on the dynamic behavior of the emissive piston. In magnetic bearings, it is also useful to determine the quantity of ferrofluid that should be used so as to create one or two ferrofluid seals. 
The concept of magnetic pressure
The previous section has presented two examples of ironless structures with ring permanent magnets whose polarization is radial and ferrofluid seals. We discuss now the assumptions taken for defining the concept of magnetic pressure in ferrofluid seals submitted to magnetic fields which saturate the ferrofluid. The most important concept in the design of ironless structures with ferrofluid seals is the knowledge of the regions in space where the ferrofluid goes. Strictly speaking, the magnetic particles are attracted towards the highest intensity regions of the magnetic field. For the proposed configurations, the magnetic field intensity there is greater than 400 kA/m. In addition, we use commercial ferrofluids either from the company Ferrotec or Ferrolabs .
Such ferrofluids have a saturation magnetization, M s , smaller than 32 kA/m and a particle concentration below 5.5% in volume . Therefore, the magnetic field, H, created by the permanent magnets is far higher than the ferrofluid critical field [29] . So, the ferrofluid is totally saturated and its magnetization is denoted M s . Moreover, as the ferrofluid is completely saturated, its magnetic permeability is equal to one. Furthermore, the presence of ferrofluid does not modify the field created by the permanent magnets and the field created by the ferrofluid itself is omitted. Thus, all the particles of the saturated ferrofluid are aligned with the permanent magnet orienting field. Consequently, the ferrofluid magnetization has the same direction as the orienting field. In addition, the sedimentation in chains of the ferrofluid particles is omitted [30] .
However, it is noted that at laboratory temperature and at rest, the sedimentation phenomenon is observed in the device. Some realistic assumptions are also taken into account: we neglect the thermal energy E T (E T = kT where k is Boltzmann's constant and T is the absolute temperature in degrees Kelvin) and the gravitational energy E G (E G = ∆ρV gL where V is the volume for a spherical particle, L is the elevation in the gravitational field, g is the standard gravity, ∆ρ is the difference between the ferrofluid density and the outer fluid). In addition, the surface tension exists but when the values of both the surface tension coefficient, A, (A equals 0.0256kg/s 2 for the used ferrofluids) and the radius of curvature are considered, the effect of the surface tension can be omitted: this latter does not deform the free boundary surface. Eventually, this paper deals with the ferrofluid free boundary surface. Its shape depends on the result of the force competition at this boundary. On one hand, the magnetic pressure, p m , is exerted. It is given by:
where both magnetic field components H r (r, z) and H z (r, z) are analytically calculated [31] [28] . Finally, for hydrodynamic pressures which equal zero or have low values, the seal free boundary surface is a magnetic iso-pressure surface. Then, its mechanical properties, such as its capacity or its stiffness can be studied.
We represent in Fig 3 a three-dimensional representation of the magnetic pressure created by two ring permanent magnets whose polarizations are radial, but in opposed directions. This magnetic pressure can also be seen as a magnetic energy volume density, and can be expressed either in N/m 2 or in J/m 3 .
The magnetic pressure p m (r, z) has been determined with (1) . Figure 3 shows that the magnetic pressure is greater near the two ring permanent magnets, especially where the magnetic field gradient is the strongest. This region of space corresponds also to the points in which the magnetic field is the strongest. Such a representation is useful for seeing where the magnetic pressure is the greatest. In other words, this representation is interesting because it shows that the potential energy is concentrated in a very small ferrofluid volume. As a consequence, it gives indications about what quantity of ferrofluid should be used to design a ferrofluid seal. If a large quantity of ferrofluid is used, the ferrofluid seal is thick, the potential energy increases but the viscous effects become an actual drawback according to the dynamic movement of the inner cylinder. If too small an amount of ferrofluid is used, the viscous effects disappear but all the interesting properties of the ferrofluid seal (damping, stability, linearity,...) disappear as well. In short, to a given geometry ( here two ring permanent magnets with an inner non-magnetic cylinder) corresponds an adequate quantity of ferrofluid which has some interesting physical properties with very little viscous effects. For the rest of this paper, we use the concept of potential energy for studying the ferrofluid seals. This potential energy is defined by (2):
where (Ω) is the ferrofluid seal volume. Indeed, this energy allows the calculation of the seal mechanical properties. As a remark, the potential energy is given in J.
3 Evolution of the ferrofluid seal shape
As stated previously, the ferrofluid seal shape is directly linked to the magnetic field produced by the ring permanent magnets. We present in this section the evolution of ferrofluid seal shapes with three ring permanent magnets, as shown in Fig 1-A Table 1 Parameters of the equations of an ellipse describing small ferrofluid seals
To illustrate (3), Table ( 
Shape of the crushed ferrofluid seal
We take now the non-magnetic cylinder into account. The device has to be dimensioned in such a way that the cylinder crushes the seal, in order to reach the intended watertightness. Figure 5 shows where the ferrofluid goes when Table 2 The energy reduction is a function of the radial displacement of the inner cylinder 
Obtaining the static capacity of the ferrofluid seal
The calculation of the static capacity of a ferrofluid seal is useful for the design of watertightness seals. We present in this section a simple method for calculating this static capacity. Then, we present some optimized structures that ensure a good static capacity. We will see that the main criterion for the design of watertightness seals is both the thickness of the ferrofluid composing the seal and the ring permanent magnet dimensions.
Using the magnetic potential energy
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The energy difference corresponds to the pressure work δW (P ) and satisfies (5):
where S is the surface area of the air gap and d is the thickness of the perforation. Consequently, the capacity P lim verifies (6):
A numerical application has been done with several ring inner radii (Fig.7) .
We define the ferrofluid thickness as the thickness of the ferrofluid between Table 3 Volume and Magnetic field corresponding to a given ferrofluid thickness the outer ring permanent magnets and the inner cylinder. Figure 7 shows that the thinner the ferrofluid seal is, the higher the pressure gradient to which the ferrofluid seal can resist is. Table 4 .1 gives both the volume corresponding to each ferrofluid thickness and the smallest magnetic field Hlim in the concerned volume.
5 Improving the static capacity of a ferrofluid seal
The previous section has presented a simple method for calculating the static capacity of a ferrofluid seal. For given ring permanent magnet dimensions, the ferrofluid seal thickness must be as thin as possible. Let us now consider the reciprocal problem in which the ferrofluid thickness is given and cannot be changed. How can we improve and optimize its capacity ? The only way of changing the magnetic potential energy in the ferrofluid seal is to change the ring permanent magnet dimensions. However, the cost of the permanent magnet manufaturing must be taken into account as well as the structure dimensions required.
Optimizing the ring permanent magnet dimensions
Let us consider the two ring permanent magnets studied previously. The ferrofluid seal capacity can be improved by enhancing the magnetic potential energy inside it. As this magnetic potential energy is directly linked to the magnetic field produced by the ring permanent magnets, we can optimize the increase. This implies that for a structure that requires a small ferrofluid seal with the greatest static capacity, the height of the ring permanent magnets must be greater than their radial widths. Such results can be used either for the design of ironless loudspeaker structures or for the manufacturing or ironless bearings.
